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Abstract
Nyikos has defined a tree, denoted Υ , associated with any given Type I nonmetrisable manifold.
In this paper, given an arbitrary well-pruned ω1-tree, T , we construct a Type I manifold such that its
Υ -tree is T . We show that whenever a Type I manifold contains a copy of ω1, its Υ -tree must contain
an uncountable branch. We address the problem of whether or not an arbitrary tree admits a Type I
manifold which is ω1-compact.  2002 Elsevier Science B.V. All rights reserved.
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1. Properties of the Υ -tree
In this section we consider what properties are necessary and sufficient for a tree, T , to
admit a Type I manifold with T as its Υ -tree. We will use the following terminology:
Definition 1.1. Let T be a tree.
(a) If t ∈ T , tˆ = {s ∈ T : s < t}.
(b) For each ordinal α, the αth level of T , or T (α), is {t ∈ T : tˆ has order type α}, and
the subtree Tα is
⋃
β<α T (β).
(c) If t ∈ T (α) for some ordinal α, t+ = {s ∈ T (α + 1): s > t}.
(d) If t ∈ T , the level of t , or levT (t), or lev(t) is the ordinal α such that t ∈ T (α).
(e) If X ⊂ T the height of X, or hgtT (X), or hgt(X) is sup{lev(t): t ∈X}.
(f) For each s, t ∈ T , let lev(s ∧ t)= hgt(sˆ ∩ tˆ ), and let s ∧ t = {r ∈ T (lev(s ∧ t)): r ∈
(sˆ ∪ {s}) or r ∈ (tˆ ∪ {t})}.
(g) A chain in T is a set C ⊂ T which is totally ordered.
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(h) A branch in T is a maximal chain.
(i) A path in T is a branch which intersects T (α) for each ordinal α.
(j) H(T ) is the tree whose members are the equivalence classes of T : [s] = [t] for s,
t ∈ T , iff sˆ = tˆ in T ; and with order: [s]< [t] if there exists s′ ∈ [s] such that s′ < t .
(k) If κ is a regular ordinal [4, p. 33], T is a κ-tree if T has height κ and |T (α)| < κ
for each α < κ .
(l) A κ-tree, T , is well-pruned if for every t ∈ T , if t ∈ T (α), then for each β > α there
exists s ∈ T (β) such that s > t .
All other terms relating to trees will follow the definitions given in [4, Chapter 2].
Nyikos [5] defines a Type I space as follows:
Definition 1.2. A space X is of Type I if it is the union of an ω1-sequence 〈Uα : α < ω1〉
of open subspaces such that Uα ⊂ Uβ whenever α < β , and such that Uα is Lindelöf for
all α.
By adding a further condition to the ω1-sequence in the definition we obtain a canonical
sequence.
Definition 1.3. Let X be a Type I space. A canonical sequence for X is a sequence
Σ = 〈Uα : α < ω1〉 of open subsets of X such that Uα is Lindelöf for all α, Uα ⊂Uα+1 for
all α, Uα =⋃β<α Uβ for any limit ordinal α, and X =⋃α<ω1 Uα .
We will assume from now on that M is a nonmetrisable manifold. Given any canonical
sequence Σ for a manifold M , it is possible to relate Σ to an ω1-tree. Nyikos [5] defines
such a tree, Υ (Σ), as follows:
Definition 1.4. Let M be a Type I manifold, and let Σ = 〈Uα : α < ω1〉 be canonical for
M . The tree of nonmetrisable-component boundaries associated with Σ , denoted Υ (Σ),
is the collection of all sets of the form ∂C such that C is a nonmetrisable component of
M Uα for some α, with the following order: if τ, σ ∈ Υ (Σ), then τ < σ iff σ is a subset
of a component whose boundary is τ .
We usually denote this tree by just Υ if Σ is clear, and refer to it as an Υ -tree. We use σ ,
τ , etc to denote members of an Υ -tree, but we will simultaneously regard them as subsets
of the manifold.
Proposition 1.5. Any Υ -tree is:
(i) an ω1-tree, and
(ii) well-pruned.
Proof.
(i) Clearly it must have height ω1, so it remains to establish that every level of Υ
is countable. Suppose there is an α ∈ ω1 such that Υ (α) is uncountable. The set
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of components of M  Uα must be uncountable. If so the set of components of
Uα+1 Uα is also uncountable and therefore Uα+1 contains an uncountable closed
discrete set. Since Uα+1 is Lindelöf, we have a contradiction. Hence every level of
Υ is countable.
(ii) Υ must be well-pruned since only nonmetrisable components are chosen when
defining the members of Υ . ✷
In fact these properties suffice for a tree to be an Υ -tree for some manifold.
Theorem 1.6. If T is a well-pruned ω1-tree, then there is a manifold M , with a canonical
sequence Σ , such that Υ (Σ) is T . Furthermore, if T has the interval topology and T is
Hausdorff, M can be chosen so that M contains a closed copy of T .
Proof. Assume T is connected. We will construct a manifold M by defining sequences
〈Mα : α ∈ ω1〉 and 〈Uα : α ∈ ω1〉 which satisfy the following conditions:
(i) ⋃α<ω1 Mα =⋃α<ω1 Uα (this will be the underlying set for M);
(ii) for each α ∈ ω1, Mα is a manifold-with-boundary. The boundary consists of |T (α)|
copies of (0,1), and Uα =Mα  ∂Mα is homeomorphic to R2. Each copy of (0,1)
will be a member, τ , of Υ (α);
(iii) 〈Uα : α ∈ ω1〉 is canonical.
Begin by taking the product B2 ×ω1, where B2 is the closed unit 2-disc with the usual
topology, and ω1 has the discrete topology.
Let U0 = B2 × {0}. Suppose T (0)= {t0}, and choose an embedding f0 : (0,1)× {t0}→
S1 × {0}. Let M0 =U0 ∪ f0((0,1)× {t0}) with the topology inherited from B2 × {0}.
Suppose for each β  α, Mβ has been defined together with embeddings fβ : (0,1)×
T (β) → S1 × {β}, where T (β) has the discrete topology. For each x ∈ (0,1) and
t ∈ T (β) let fβ(x, t) be denoted by τt (x), and let τ t = {τt (x): x ∈ (0,1)} (and hence
τ t = fβ((0,1)× {t})). Υ (β) is {τ t : t ∈ T (β)}.
Choose an embedding φα+1 :Mα →B2 × {α+ 1}, so that:
(i) 〈0,0, α+ 1〉 ∈ φα+1(U0).
(ii) The boundary of φα+1(Mα) in B2 × {α + 1} is contained in
φα+1
(
fα
(
(0,1)× T (α)))∪ (S1 × {α + 1}).
This means that φα+1(Mα) extends right up to the boundary of B2, except for the
segments bounded by φα+1(fα((0,1)× T (α))).
(iii) For every t ∈ Tα+1, if t (0)= limx→0φα+1(τt (x)) and t (1)= limx→1φα+1(τt (x)),
then t (0) = t (1). These limits, t (0) and t (1), will not be defined in B2 × {α + 1},
they will actually occur on S1 × {α + 1}.
(iv) For every t ∈ Tα+1, φα+1(τ t ) is a circular arc in B2×{α+1}. φα+1(τ t ) is contained
in the sector in B2 × {α + 1} bounded by t (0), t (1) and 〈0,0, α + 1〉.This arc will
separate B2×{α+1} into two parts, one of which will contain φα+1(Uα) and hence
〈0,0, α+ 1〉. Note that τ t ⊂Mβ .
Now choose an embedding fα+1 : (0,1)×T (α+1)→ S1×{α+1}, where T (α+1) has
the discrete topology, so that if t ∈ T (α), s ∈ T (α + 1), and t < s, then fα+1((0,1)× {s})
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lies between t (0) and t (1), and 〈0,0, α + 1〉 does not lie between fα+1((0,1)× {s}) and
φα+1(τ t ).
Define the underlying set for Mα+1 to be[
B2 × {α+ 1} φα+1(Mα)
]∪ Im(fα+1)∪Mα.
Note that the underlying set for Mα+1 consists of “pieces” from each B2 × {β}, β  α.
These will be “glued” together by χα+1 below. Topologise Mα+1 so that χα+1 :Mα+1 →
B2 × {α + 1}, defined by
χα+1(x)=
{
φα+1(x), if x ∈Mα,
x, otherwise
is an embedding. Let Uα+1 =Mα+1  S1 × {α + 1}, and note that Uα ≈ B2.
If α is a limit, let Uα =⋃β<α Uβ =⋃β<α Mβ , with the direct limit topology. Since
each Uβ ≈ B2, Uα ≈ B2 (see [2]).
In order to define and topologise Mα , we wish to choose an embedding ψα :Uα →
B2 × {α} analogously to choosing φα+1 when α was a successor. If α is a successor, any
chain with height α is contained in tˆ ∪{t} for some t ∈ T (α) since T is well-pruned. When
α is a limit, a chain with height α may be a branch in T ; it is not contained in tˆ for any
t ∈ T (α). There may be c many branches with height α.
To ensure that the corresponding chains in Υ are branches in Υ , and to ensure that the
boundary of Mα has |T (α)| components, each relating to the appropriate chain in Υα , we
will define two homeomorphisms h and g, and ψα will be g ◦ h.
Choose an ω-sequence of successor ordinals, 〈αn: n ∈ ω〉, such that α = ⋃n∈ω αn.
If [t] ∈ H(T )(α) then denote tˆ ∩ T (αn) by tn, for each n ∈ ω. Let h :Uα → B2 be a
homeomorphism such that for every s ∈ Tα , h(τ s) is a circular arc in B2. In particular, for
each n ∈ ω, and each [t] ∈H(T )(α), h(τ tn) is a circular arc in B2.
For each [t] ∈H(T )(α), the set of limit points of {h(τ tn): n ∈ ω} in B2, must be either
a single point in S1 or a connected segment of S1. Since T (α) is countable, we can choose
a homeomorphism g :B2 → B2 × {α} so that:
(i) For each [t] ∈H(T )(α) the limit points of {g(h(τ tn)): n ∈ ω} in B2 form a distinct
segment of S1 with positive length. If a class [t] consists of a single member t ,
call this segment minus its end points τ t . If the class [t] has cardinality κ , and
κ > 1, divide the segment into κ components by deleting κ points if κ = ℵ0, and
κ − 1 points if κ < ℵ0. Delete also the end points. Choose a bijection between
these components and the members of [t]. For each s ∈ [t], call the component
corresponding to s, τ s .
(ii) If {sβ : β < α} is a branch in T (hence the set does not have a supremum in T (α)),
then {g(h(τ sβ )): β < α} has a single limit point on S1 × {α}.
(iii) If T is Hausdorff, then for each t ∈ T (α) the set{
g
(
h
(
τsβ
( 1
2
)))
: β < α, {sβ } = tˆ ∩ T (β)
}
has a single limit point in τ t which is not an end point. Call this limit point τt ( 12 ).
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Let ψα = g ◦ h. Now choose an embedding fα : (0,1)× T (α)→ S1 × {α}, such that
for each t ∈ T (α), fα((0,1)× {t})= τ t , and, if T is Hausdorff, fα( 12 , t)= τt ( 12 ). Denote
fα(x, t) by τt (x), for each x ∈ (0,1). Define the underlying set for Mα to be Uα ∪ Im(fα)
and topologise Mα so that χα :Mα →B2 × {α}, defined by
χα(x)=
{
ψα(x), if x ∈ Uα,
x, otherwise
is an embedding.
Finally, let M =⋃α∈ω1 Uα have the direct limit topology. This completes the construc-
tion.
M is a manifold since if x ∈M , then x ∈ Uα for some α, and since Uα ≈ B2, x has
a Euclidean neighbourhood. Clearly Σ = 〈Uα : α ∈ ω1〉 is a canonical sequence, and
Υ (Σ)= T .
We now show that if T is Hausdorff, then
S = {τt( 12): α ∈ ω1, t ∈ T (α)}
is a closed copy of T in M .
If α is a successor ordinal, then for each t ∈ T (α), (Uα+1 Uα)∪ τ t ∪ (Uα Uα−1) is
an open neighbourhood of τt ( 12 ) disjoint from the rest of S. Hence τt ( 12 ) is isolated in S.
If α is a limit, then M was constructed so that for every t ∈ T (α), τt ( 12 ) is the single limit
of any ω-sequence {τsn( 12 ): n ∈ ω, sn ∈ T (αn)}, where α =
⋃
n∈ω αn. If t ∈ T (α), let W
be the sector in B2 × {α+ 1} bounded by the end points of φα(τ t ) and 〈0,0, α+ 1〉. Then
χ−1α+1(W) is a neighbourhood of τt (
1
2 ) which does not meet τ
s for any s ∈ (Tα  tˆ ). From
the third condition for choosing the homeomorphism g :B2 → B2 × {α}, it is clear that S
is closed. ✷
2. 2ℵ1 manifolds with Υ -tree T
Suppose M1 and M2 are manifolds and φ :M1 →M2 is a homeomorphism. If Σi =⋃
α∈ω1 U
i
α is a canonical sequence for Mi , i = 1,2, then by a leap-frog argument it is
easy to see that {α: φ(U1α) = U2α} is a club, see [5, Lemma 4.4]. The following example
is based on Example 6.2 [5]. Given an arbitrary, well-pruned ω1-tree T , we construct
2ℵ1 topologically distinct manifolds, each with Υ -tree T . This is the maximum possible
number [5,3].
Example 2.1. Let {Aξ : ξ < ω1} be a partition of the limits in ω1 into disjoint stationary
subsets. We know that the collection of functions from ω1 into {0,1} has cardinality 2ℵ1 .
For each such function, µ, we construct a manifold Mµ so that if µ = ν, then Mµ ≈Mν .
ConstructMµ as in the proof of Theorem 1.6 with the following constraints on choosing
φα+1 when α is a limit.
(i) If α ∈Aξ and µ(ξ)= 0, chooose φα+1, as before, so that φα+1(fα((0,1)× {t})) is
a circular arc in B2 × {α + 1} for each t ∈ T (α).
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(ii) If α ∈ Aξ and µ(ξ) = 1, chooose φα+1 so that φα+1(fα((0,1) × {t})) is not
homeomorphic to a circular arc in B2 ×{α+ 1} for some t ∈ T (α). For example we
could choose φα+1 such that φα+1(fα((0,1)× {t})) is homeomorphic to the letter
“T”. The horizontal line could correspond to a circular arc as before, and the vertical
line could correspond to a curve pointing into φα+1(Uα). In this case φα+1|Uα is an
embedding, but φα+1 need not be an injection on Im(fα). Apart from having to
adjust the topology on ∂Mα , this does not affect the rest of the construction.
Suppose µ = ν, and suppose that 〈Uµα : α ∈ ω1〉 and 〈Uνα : α ∈ ω1〉 are the canonical
sequences constructed for Mµ and Mν respectively. Suppose φ :Mµ → Mν is a
homeomorphism, then there is a club set C ⊂ ω1 such that φ(Uµα )= Uνα for every α ∈ C.
Since µ = ν, there exists some ξ ∈ ω1 such that µ(ξ) = ν(ξ), and if α ∈Aξ , the boundary
of Uµα in Mµ is not homeomorphic to the boundary of Uνα in Mν . Since Aξ is a stationary
set it follows that Aξ ∩C = ∅, which gives a contradiction. Thus Mµ ≈Mν .
3. Branches in a manifold
In this section we introduce notation which will be used to relate points in a manifold to
the Υ -tree.
Definition 3.1. Suppose M = ⋃α<ω1 Uα , where Σ = 〈Uα : α ∈ ω1〉 is a canonical
sequence. Let Υ ′(Σ) be the tree whose members are the boundaries of components of
M Uα for each α ∈ ω1, and let the order on Υ ′(Σ) be analogous to the order on Υ .
We usually denote this tree by just Υ ′ if Σ is clear, and refer to it as an Υ ′-tree. We use
σ , τ , etc to denote members of an Υ ′-tree, but once again we will simultaneously regard
them as subsets of the manifold.
Υ ′ differs from Υ in three ways. First, it includes boundaries of metrisable components.
Second, if σ, τ ∈ Υ (α) for some ordinal α, σˆ = τˆ in Υ and σ ∩ τ = ∅, then σ ∪ τ will
be contained in a single member of Υ ′. Third, since it is possible that ∂(M  Uα) =
∂(M Uα),
⋃{τ : τ ∈ Υ ′(α)} may strictly contain ⋃{τ : τ ∈ Υ (α)}.
Clearly H(Υ ) is isomorphic to a subtree of H(Υ ′). We will denote members of both
H(Υ ) and H(Υ ′) by [σ ], [τ ], etc, and simultaneously consider these members as subsets
of M . If [τ ] ∈ H(Υ ′) then [τ ] will represent the subset ⋃{σ ∈ Υ ′: [σ ] = [τ ]}, and if
[τ ] ∈H(Υ ) then [τ ] will represent the subset ⋃{σ ∈ Υ : [σ ] = [τ ]}.
Definition 3.2. Let C be the collection of subsets of M defined as follows: C ∈ C iff C is
a metrisable component of M Uα for some α ∈ ω1, and C is maximal, that is, if β < α
the component of M Uβ containing C is nonmetrisable. Suppose C ∈ C is a component
of M Uα . If α is a successor, let τC ∈ Υ ′(α − 1) be the boundary of the (nonmetrisable)
component of M Uα−1 containing C. If α is a limit, let τC ∈ Υ ′(α) be the boundary of
the component of M Uα containing C.
Define π :M →H(Υ ′) as follows. If x ∈M and α = min{β: x ∈ Uβ} then either α is a
successor ordinal and x ∈UαUα−1, or x ∈U0. If x ∈C for some C ∈ C , let π(x)= [τC].
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Suppose x /∈ C for any C ∈ C . If x ∈ Uα  Uα−1 and τ ∈ Υ ′ is the boundary of the
component of M Uα−1 containing x , let π(x)= [τ ]. If x ∈ ∂Uα−1 then x ∈ τ for some
τ ∈ Υ ′(α − 1), hence let π(x)= [τ ]. If x ∈U0, let π(x)= [τ0] where τ0 is the root of Υ ′.
Definition 3.3. Let M be a Type I manifold.
(a) If x ∈M , the level of x in M , or levM(x), is levH(Υ ′)(π(x)).
(b) If x ∈M , xˆ = {y ∈M: π(y) < π(x)}.
(c) If B ⊂H(Υ ′) is a branch, MB = {x: π(x) ∈ B} is an M-branch.
Definition 3.4. If T is a tree, B ⊂ T is a branch, and X⊂ T , then X follows B if for each
s, t ∈X, s = t :
(i) sˆ ∩ tˆ ⊂ B , and
(ii) sˆ ∩B = tˆ ∩B .
As a consequence of (ii) in this definition, if X follows B and X is uncountable, then for
any α ∈ ω1, there exists t ∈X, such that hgt(tˆ ∩B) α.
Definition 3.5. SupposeX ⊂M . X follows an M-branch,MB , if π(X) follows the branch
B ⊂H(Υ ′).
4. A copy of ω1
Theorem 4.1. If M is a Type I manifold and M contains a copy of ω1, then the Υ -tree
associated with any canonical sequence of M has an uncountable branch.
Proof. LetM be a Type I manifold with a canonical sequenceΣ = 〈Uα : α < ω1〉. Suppose
W ⊂M is a copy of ω1 in M . For any α ∈ ω1, M Uα consists of a countable number of
components, and Uα∩W is countable, sinceUα is Lindelöf. Hence at least one component,
Cα , of M  Uα contains an uncountable subset of W , and since W ∩ Cα is a club in W ,
Cα is the only component of M Uα containing an uncountable subset of W .
For each α ∈ ω1 let τα = ∂Cα in M , and hence τα ∈ Υ (α). The uncountable set
P = {τα: α ∈ ω1} ⊂ Υ (Σ) is a chain. To see this, suppose α,β ∈ ω1 and α < β . Then
τα bounds Cα , τβ bounds Cβ , and since Cα must contain Cβ , τα < τβ . ✷
The converse is not in general true. For example T + with any class 1 smoothing, as
decribed in chapters 1 and 2 of [6], is a manifold which does not contain a copy of ω1, and
its Υ -tree is simply ω1.
Lemma 4.2. If X ⊂M U0 and x ∈M is a limit point of X, then either:
(a) x ∈ ∂Uα for some α ∈ ω1, and (Uα+1 Uα)∩X is infinite, or
(b) x ∈Uα Uα−1 for some successor ordinal α ∈ ω1, and Uα ∩X is infinite, or
(c) there exists a sequence 〈xn: n ∈ ω〉 in X, which converges to x , and an M-
branch MB , such that {xn: n ∈ ω} follows MB and x ∈ [τ ] ∈ B where levΥ ′(τ ) =⋃
levM(xn).
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Proof. For any x ∈M , either:
(i) x ∈ Uα+1 Uα for some α ∈ ω1, or
(ii) x ∈ τ ∩ ∂(M Uα) for some τ ∈ Υ ′(α) and α ∈ ω1, or
(iii) x ∈ τ  ∂(M Uα) for some τ ∈ Υ ′(α) and α ∈ ω1.
For case (i), (b) is true. For case (ii), if α is a successor, then (a) or (b) is true. For
case (iii), if α is a successor, then (b) is true. Note that x ∈ int(cl(Uα)). Now suppose
x ∈ τ ∈ Υ ′(α), (Uα+1Uα)∩X is finite and α is a limit. Then we can choose a sequence
〈xn: n ∈ ω〉 in X such that xn → x , levM(xn) < levM(x) for each n ∈ ω, and levM(xn)→
levM(x). For each n ∈ ω let [τn] = π(xn), and let [τ ] = π(x). Let S = {[τn]: n ∈ ω}.
Choose a branch B ⊂H(Υ ′) such that ([̂τ ] ∪ {[τ ]})⊂ B , hence (xˆ ∪ {x})⊂MB . Suppose
that no infinite subset of {xn : n ∈ ω} follows MB , then no infinite subset of S follows B .
By Zorn’s lemma, choose a maximal set R ⊂ S such that R follows B . R must be finite
and nonempty. Let R = {[σ0], [σ1], . . . , [σN ]}, N ∈ ω. Let λ= max{hgt([̂σm] ∩ [̂τ ]): m=
0,1, . . . ,N}, then λ < lev([τ ]). For each [τn] ∈ S  R, there exists [σm] ∈ R such that
either [̂τn]∩ [̂σm] ⊂ B and hgt([̂τn]∩B) λ, or [̂τn]∩B = [̂σm]∩B and hgt([̂τn]∩B) λ.
Now the component C of M  Uλ+1 containing x is an open neighbourhood of x which
does not meet {xn: n ∈ ω} and hence we have a contradiction. ✷
Proposition 4.3. If a Type I manifold M contains a copy, W , of ω1, then a club subset of
W is contained in an M-branch.
Proof. Let Σ = 〈Uα : α ∈ ω1〉 be a canonical sequence for M , and let W = {xα: α ∈ ω1}
be a copy of ω1 in M . As in the proof of Theorem 4.1, for each α ∈ ω1 let Cα be the
nonmetrisable component of M Uα such that Cα ∩W is uncountable. Let τα = ∂Cα and
let P = {τα : α ∈ ω1}.
Now let P ′ = {[τα] ∈ H(Υ ′): α ∈ ω1}. For each α ∈ ω1 we will find a point yα ∈
W ∩Cα , so that the set Y = {yα: α ∈ ω1} follows P ′.
Begin by choosing any point y0 ∈ W ∩ C0. Now suppose yα ∈ W ∩ Cα has been
chosen. Then [τα] ∈ π̂(yα) ∩ P ′, since yα ∈ Cα . Let γ = hgt(π̂(yα) ∩ P ′), hence γ 
α, and choose yα+1 ∈ (W ∩ Cγ+1). Since Cγ+1 ⊂ Cα+1, yα+1 ∈ W ∩ Cα+1. Because
[τγ+1] ∈ ̂π(yα+1) ∩ P ′, we have ̂π(yα+1) ∩ π̂(yα) ⊂ P ′. Hence, since [τγ+1] /∈ π̂(yα),
π̂(yα)∩P ′ = ̂π(yα+1) ∩P ′.
Suppose α is a limit ordinal and {yβ : β < α} follows P ′, where yβ ∈W ∩ Cβ for each
β < α. Let γ =⋃β<α lev(yβ) and choose any point yα ∈W ∩Cγ .
We have Y = {yα: α ∈ ω1} as required.
Y is an uncountable subset of W , so the set L, of limit points of Y , is a club set in W .
Since Y follows P ′, any limit point of Y must be a member of MP ′ , by Lemma 4.2. Hence
L⊂MP ′ . ✷
5. ω1-compactness
We now address the question: given an arbitrary well-pruned ω1-tree T , does there exist
an ω1-compact Type I manifold whose Υ -tree is T ? We consider separately the cases
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where T does or does not contain both an uncountable antichain or a Suslin subtree. If T
does not contain either an uncountable antichain or a Suslin subtree, it is always possible
to find such a manifold. If it contains an uncountable antichain, both the existence of an
ω1-compact manifold and the impossibility of an ω1-compact manifold are consistent with
ZFC. If it contains a Suslin subtree, the existence of an ω1-compact manifold is at least
consistent with ZFC.
Theorem 5.1. If T is any well-pruned ω1-tree and T does not contain an uncountable
antichain or a Suslin subtree, then there is an ω1-compact Type I manifold which has a
canonical sequence Σ such that Υ (Σ) is T .
Proof. Let T be a well-pruned ω1-tree which does not contain an uncountable antichain or
a Suslin subtree. Since T is a well-pruned ω1-tree which does not contain an uncountable
antichain, if T has a path P , then any branching 1 off P must cease at some countable
level in T . Otherwise pick a point on each branch off P to form an uncountable antichain.
Hence any uncountable set that follows P must eventually be contained in P . Since T
does not contain a Suslin subtree, T is the union of a countable number of paths which
cease to branch at a countable level. (Indeed, if the number of paths in T is uncountable,
consider the subtree, S, obtained by removing the part of each path above the level at which
it ceases to branch. Since the number of paths in T is uncountable, S must be Suslin.) Now
choose λ ∈ ω1 so that T  Tλ consists of discrete chains corresponding to these paths.
Let N =⋃α∈ω1 Uα be a manifold constructed from T as in the proof of Theorem 1.6,
then N Uλ consists of a countable number of components. Simply replace each of these
components by a copy of the long pipe [5, Definition 5.1], S1 × (λ,ω1). Each of these long
pipes may be appropriately attached to the component of the boundary ofUλ corresponding
to the component that it is replacing. Call this new manifold M .
M is clearly a Type I manifold whose Υ -tree is T .
Since M  Uλ is a countable collection of long pipes. If X ⊂ M is an uncountable
discrete set, then one of these long pipes contains an uncountable subset of X, which must
therefore have limit points. Thus M is ω1-compact. ✷
Definition 5.2. An ideal J of subsets of a set S is a countable-covering if for each count-
able subset Q of S, there is a countable subcollection {JQn : n ∈ ω} of J such that if J ∈ J
and J ⊂Q, then for some n, J  JQn is finite.
The axiom (∗) [1] states
If J is a countable-covering ideal on ω1, then either
(i) there is an uncountable subset A of ω1 such that A∩ J is finite for each J ∈ J , or
1 Suppose P is a path in a tree T , and there exists t ∈ P such that lev(t) = α and |t+|> 1. We may describe P
as “branching” at the α + 1 level. If B is a branch such that B ∩ P = tˆ ∪ {t}, then we may describe B  (tˆ ∪ {t})
as a “branch off P ”.
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(ii) ω1 =⋃n∈ω Cn such that every countably infinite subset of Cn is a member of J ,
for each n ∈ ω.
Theorem 5.3 (Nyikos). Assume (∗). If an Υ -tree for a Type I manifold M contains an
uncountable antichain, then M is not ω1-compact.
Outline of proof. Suppose M is an ω1-compact Type I manifold which has an Υ -tree
containing an uncountable antichain. For each τ ∈ Υ choose a point in τ . Call this set of
points X, and enumerate them so that X= {xα: α ∈ ω1}. Let I be the ideal of all countable
subsets I ⊂ ω1 such that the set {xα ∈M: α ∈ I } has compact closure in M . Then I is
a countable-covering ideal on ω1.
Since M is ω1-compact, there does not exist a set A meeting each I ∈ I in a finite set.
Hence, by (∗), there is a collection of sets {Cn: n ∈ ω} such that ω1 =⋃n∈ω Cn and for
each n ∈ ω, if A is a countable subset of Cn, then A ∈ I .
Consider Cn for any n ∈ ω. The set of paths in H(Υ ′) containing uncountable subsets
of Sn = {π(xα): α ∈ Cn} is finite. Indeed, let P = {Pm: m ∈ ω} be an infinite set of paths
in H(Υ ′) such that Pm ∩ Sn is uncountable for each m ∈ ω. There exists some λ ∈ ω1
such that Pm ∩ H(Υ ′)(λ) = Pm′ ∩ H(Υ ′)(λ) for each m, m′ ∈ ω, m = m′. Now choose
a member of Sn in each of these paths, each at some level higher than λ. This will be
an infinite set {π(xαm): m ∈ ω} ⊂ Sn, but {xαm : m ∈ ω} cannot have compact closure, so
{αm: m ∈ ω} ⊂ Cn.
Since for each n ∈ ω there is only a finite number of paths in H(Υ ′) corresponding
to Cn, there is only a finite number of paths in Υ ′ corresponding to Cn, and consequently
only a finite number of paths in Υ corresponding to Cn. Hence the total number of paths
in Υ is countable, and Υ cannot have an uncountable antichain. ✷
Theorem 5.4 (Nyikos). Assume ♦. If T is a well-pruned ω1-tree, then there exists an
ω1-compact Type I manifold whose Υ -tree is T .
Outline of proof. Choose a manifold N with a canonical sequence 〈Vα : α ∈ ω1〉 as
constructed in the proof of Theorem 1.6. We will define a manifold M so that M has
the same underlying set as N , and a canonical sequence 〈Uα : α ∈ ω1〉 such that for each
α ∈ ω1, Uα and Vα have the same underlying set, and their boundaries also have the same
underlying set. Assuming CH, well order the members ofM so that M = {xγ : γ ∈ ω1}. For
each α ∈ ω1, let Sα ⊂ {xβ : β < α} be such that for every set X ⊂M there is a stationary
set of ordinals α for which X ∩ {xβ : β < α} = Sα .
The topology on Mα may be constructed analogously to the topology constructed in
Theorem 1.6 with the following restriction.
Whenever Sα contains a set Z = {zn: n ∈ ω} ⊂ {xβ : β < α} ∩ Uα , such that π(zn)
follows a branch B in H(Υ )α , hgt(B)  α and lev(π(zn))→ α, we ensure that Mα+1
is topologised so that some point z on the component of the boundary of Mα in Mα+1
corresponding to B ∩ H(Υ )(α), is a limit point of {zn: n ∈ ω}. For each such Sα we
choose only one such set Z to have a limit.
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If X ⊂ M and X is uncountable, then by Lemmas 5.1 and 5.2, there is a club set
D such that for every α ∈ D we can find an infinite set {yαn : n ∈ ω} ⊂ X such that
π(yαn ) follows a branch Bα in H(Υ ), lev(π(yαn ))→ α, and Bα ∩ H(Υ )(α) = ∅, hence
{yαn : n ∈ ω} ⊂ (X ∩Uα). Now S = {γ : X ∩ {xδ: δ < γ } = Sγ } is stationary, so D ∩ S = ∅
and hence there exists an α ∈ ω1 such that {yαn : n ∈ ω} ⊂ Sα . Consequently this set has a
limit point in M . ✷
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